We answer a question of Aschenbrenner and Friedl regarding virtual p-efficiency for 3-manifold groups. We then study conjugacy p-separability and prove results for Fuchsian groups, Seifert fibre spaces and graph manifolds.
The symbols G f , G p will denote 'normal subgroup of finite index', 'normal subgroup of index a power of p', respectively; similar symbols will be used for not necessarily normal subgroups.
There is a divergence in notation between profinite group theorists, who use Z p to denote the p-adic integers, and manifold theorists for whom Z p is usually the cyclic group of order p. To avoid any doubt, we follow the former convention and the cyclic group of order p will be consistently denoted Z=p or Z=pZ.
Virtual pro-p properties of 3-manifold groups 1001 All manifolds which appear are assumed to be compact and orientable.
For us, a graph manifold will mean a 3-manifold which has a non-trivial JSJ decomposition, all of whose pieces are Seifert fibred. We also insist that the manifold not be a single Seifert fibre space or a Sol manifold. Note that some authors do include these spaces under the name 'graph manifold'.
Preliminaries
Let G be a group. The pro-p topology on G is the topology whose neighbourhood basis at the identity consists of normal subgroups N of G with OEG W N a power of p. Since an intersection of normal subgroups of index a power of p again has index a power of p, each normal subgroup of index a power of p contains a characteristic subgroup of index a power of p (that is, a subgroup invariant under all automorphisms of G). Thus the characteristic subgroups with index a power of p also form a neighbourhood basis at the identity; we will freely move between these two definitions of the pro-p topology.
A subset S of G is p-separable in G if S is closed in the pro-p topology; equivalently, if for every g 2 G X S there is N G p G such that under the quotient map W G ! G=N , the image of S does not contain the image of g.
For a subset S of G, suppose that for every g 2 G not conjugate to any element of S , there exists a finite p-group P and a surjection W G ! P such that .g/ is not conjugate to any element of .S/; equivalently suppose that the union of the conjugacy classes of elements in S is p-separable. Then we say S is conjugacy p-distinguished in G. If g 2 G, we say g is conjugacy p-distinguished in G if ¹gº is conjugacy p-distinguished. If all elements of G are conjugacy p-distinguished, then G is called conjugacy p-separable.
For H a subgroup of G, we say that G induces the full pro-p topology on H , or that H is topologically p-embedded in G, if the induced topology on H agrees with its pro-p topology. That is, we require that for any N G p H there is N 0 G p G such that N 0 \ H Ä N . Note that if H is a normal subgroup of G with index a power of p, then G induces the full pro-p topology on H , because any characteristic normal subgroup of H is a normal subgroup of G.
We will be needing the language of pro-p groups acting on pro-p trees. A detailed knowledge will not be necessary in this paper; for the present purpose we need only concern ourselves with some definitions made by analogy with abstract Bass-Serre theory. Let G D .X; G / be a graph of discrete groups with finite base graph X and vertex and edge groups G v ; G e , respectively; let G be the fundamental group of this graph of groups, denoted 1 .G / or 1 .X; G /. There is a standard tree T D S.G / on which G acts, constructed as follows: the vertex (respectively, edge) set of T consists of cosets of the vertex (respectively, edge) groups G x in G; that is, V .T / D a x2V .X/ G=G x ; E.T / D a e2E.X / G=G e with the obvious incidence maps given by inclusions gG e Â gG x when x is an endpoint of e. Vertex stabilisers for the action of G on T are conjugates of the G x , and the quotient graph GnT is X. Similarly, given a graph of pro-p groups b G .p/ D .X; / with fundamental group D … 1 . b G .p/ / D … 1 .X; / (defined by the same universal property as in the abstract case, in the category of pro-p groups), there is a standard tree S. b G .p/ / with precisely the same formal definition as above. Again the quotient graph is X and vertex stabilisers have the expected forms.
Given a graph of discrete groups .X; G / one may form a graph of pro-p groups b G .p/ D .X; c G .p/ / by taking the pro-p completion of each group; one may ask what relation D … 1 . b G .p/ / bears to G D 1 .G / and what relation the standard trees bear to one another. In general this relationship may be complicated. However there is a set of conditions which ensure that the behaviour is well-controlled.
is closed in the pro-p topology on G, and G induces the full pro-p topology on each G x .
In the case when our graph of groups is p-efficient, then D b G .p/ and the abstract standard tree S.G / is canonically embedded in S. b G .p/ /.
Note that when G is a free product, i.e. all edge groups of G are trivial, G certainly induces the full pro-p topology on its factors, and by the argument in Proposition 3.2 these are p-separable; so a free product decomposition of a residually p group is always p-efficient.
The following property plays a role in conjugacy separability results.
2. An action of a (profinite) group on a (profinite) tree T is called k-acylindrical if the stabiliser of any path in T of length greater than k is trivial.
For instance, '0-acylindrical' refers to an action with trivial edge stabilisers, and '1-acylindrical' says that edge stabilisers are malnormal in vertex groups.
This brief sketch is enough to make the paper readable; for a more detailed discussion, see [21, Chapter 9] , [23] or [22] .
For background about Fuchsian groups, orbifolds, and Seifert fibre spaces the reader is referred to [25] , also to Thurston's notes on orbifolds [28, Chapter 13] . We recall the criteria for a Seifert fibre space group or Fuchsian group to be residually p; for a proof see [30, Section 9] . 3 Virtual p-efficiency Proposition 3.1. Let l be an essential simple closed curve on an orientable compact surface †. Then for any r, there is some p-group quotient of G D 1 † in which the image of l is p r -torsion. In particular, G induces the full pro-p topology on L D 1 l.
Proof. We will find, for each integer r, a finite p-group quotient of G such that the image of l is p r -torsion. If l is non-separating, then it represents a primitive class in H 1 . †I Z/, so a suitable map G Z=p r induces the map L Z=p r . If l is separating, let G 1 , G 2 be the fundamental groups of the two components † 1 ; † 2 of † X l. If † i has l as its only boundary component, then G i is a free group with generators a i ; b i (1 Ä i Ä g) in which l is the product of the commutators OEa i ; b i ; now define a map from G i to the 'mod-p r Heisenberg group'
by mapping
and mapping the other generators to the identity matrix, so that the image of l is the p r -torsion element 0
If † i has another boundary component, then l is again a primitive element in the homology of † i , so a suitable map to Z=p r induces a surjection L Z=p r . We may now exhibit the required quotients of G, according to the division of cases above: when both † i have another boundary component, map G ! Z=p r for in this case l is primitive in the homology of †. When † 1 has no boundary component other than l, map
and when both † i have this property, map
where the final homomorphism identifies the two copies of the Heisenberg group.
It will follow from the next sequence of propositions that L is also p-separable in G; for it will be p-separable in each G i by the next proposition and the splitting along l will be p-efficient by Propositions 3.5 and 3.7. Proposition 3.2. Let † be a compact orientable surface with non-empty boundary that is not a disc. Let l be a boundary component.
Proof. If † has only one boundary component and thus has positive genus, then pass to a regular abelian p-cover with more than one boundary component. Then l lifts to this cover, and it suffices to prove that L is p-separable when † has more than one boundary component. In this case, L is a free factor of G; that is, G D L F for some free group F . Let g 2 G X L, and write g as a reduced word
where the m i 2 Z, f i 2 F are all non-trivial except possibly f n (when n > 1) and m 1 . Then there is a finite p-group quotient F P in which no non-trivial f i is mapped to the identity; taking r larger than all m i , the image of g under the quotient map
is a reduced word with some letter in P X ¹1º; then .g/ … .L/. Since Z=p r P is residually p, we can pass to a finite p-group quotient distinguishing .g/ from the (finitely many) elements of .L/; this quotient p-group separates g from L.
Hence L is p-separable in G. Definition 3.3. Let P be a finite p-group. A chief series for P is a sequence 1 D P n Ä P n 1 Ä Ä P 2 Ä P 1 D P of normal subgroups of P such that each quotient P i =P i C1 is either trivial or isomorphic to Z=p.
Theorem 3.4 (Higman [11] ). Let A; B be finite p-groups with common subgroup A \ B D U . Then A U B is residually p if and only if there are chief series
Proposition 3.5. Let † be a compact orientable surface and let l be an essential separating simple closed curve on †. Let † 1 ; † 2 be the closures of the two com-
Proof. Let H G p G 1 ; P 1 D G 1 =H , and suppose LH=H Š Z=p r . By Proposition 3.1, there is a p-group quotient G 2 P 2 such that the image of L is again isomorphic to Z=p r . The quotient P 1 Z=p r P 2 thus obtained is residually p, so admits a p-group quotient Q distinguishing all the (finitely many) elements of P 1 ; so the kernel of the composite map
where all a i 2 G 1 , b i 2 G 2 are not in L (except possibly b n D 1 if n > 1, or possibly a 1 2 L); that is, write g as a reduced word in the amalgamated free product. Note that b 1 ¤ 1. By Proposition 3.2 we may find H i G p G i such that the image of every non-trivial b j in P 2 D G 2 =H 2 does not lie in the image of L (and similarly for P 1 D G 1 =H 1 ). Suppose that the image of l in P i is p r i -torsion, and take r D max¹r 1 ; r 2 º. By Proposition 3.1 we may find K i G p G i such that K i \ L D p r L; then replace H i by the deeper subgroup H i \ K i . In this way we ensure that the image of L is Z=p r in both P 1 and P 2 , and we may form the amalgamated free product P 1 Z=p r P 2 . By construction the image .g/ of g under the quotient W G D G 1 L G 2 ! P 1 Z=p r P 2 is a reduced word with a letter in P 2 , hence does not lie in P 1 . Since P 1 Z=p r P 2 is residually p by Theorem 3.4, we may find a p-group quotient P 1 Z=p r P 2 Q distinguishing .g/ from P 1 ; hence G ! Q distinguishes g from G 1 and so G 1 is p-separable in G. Theorem 3.6 (Chatzidakis [6] ). Let P be a finite p-group, A; B subgroups of P , and f W A ! B an isomorphism. Suppose that P has a chief series ¹P i º such that f .A \ P i / D B \ P i for all i and the induced map
is the identity for all i . Then P embeds in a finite p-group T in which f is induced by conjugation. Hence the HNN extension P A is residually p. Proposition 3.7. Let † be a compact orientable surface and let l be a non-separating simple closed curve on †. Choose a regular neighbourhood l OE 1; 1 of l in † and let
Proof. First we will prove that G induces the full pro-p topology on H . Let P D H= Hence the image of A in P injects into P ab . Since P is a characteristic quotient of H and there is an automorphism of H taking a to b, the order of b will also be p n 1 . Furthermore, a and b are mapped to the same element of P ab . Now construct a chief series .P i / for P whose first n terms are the preimages of the terms of a chief series for P ab which intersects to a chief series on the subgroup of P ab generated by the image of a. Then for i n, we have .A/ \ P i D .B/ \ P i D 1 and for i < n the conditions of Theorem 3.6 hold by construction. Hence P .A/ is residually p, and we may take a p-group quotient P .A/ ! Q in which no element of P is killed; then the kernel of the composite map
To show that H is p-separable in G, proceed as in the proof of Proposition 3.5; i.e. write g 2 G X H as a reduced word in the sense of HNN extensions, and take a sufficiently deep lower central p-quotient P D H= .p/ n .H / so that the image of g in P .A/ is again a reduced word, hence not in P . As shown above, P .A/ is residually p, so admits a p-group quotient Q distinguishing the image of g from the image of P ; this quotient Q of G exhibits that H is p-separable in G.
Propositions 3.5 and 3.7 together give the following more general result: Proposition 3.8. Let † be a compact orientable surface and let l 1 ; : : : ; l n be a collection of pairwise disjoint, non-isotopic, essential simple closed curves in †. Then the splitting of † along the l i gives a p-efficient graph of groups decomposition of 1 †.
The following proposition is an easy consequence of [7, Propositions 0.8, 0.10]. Lemma 3.9. Let P be a finite p-group and suppose 2 Aut.P / acts unipotently on the F p -vector space H 1 .P I Z=p/. Then has p-power order.
The reader is reminded that 'acts unipotently' if some power of id is the zero map. Lemma 3.9 was used in [14] to prove that certain semidirect products are residually p. The reader is warned that in the arXiv version [13] of that paper, Lemma 3.9 is stated in the context of finite nilpotent groups, where it is false. Lemma 3.9 allows us to give a complete characterisation of the pro-p topology on certain semidirect products. First we fix some notation. Let G; C be finitely generated groups, and letˆW C ! Aut.G/ be a homomorphism. Denote the auto-morphismˆ.c/ byˆc and define the semidirect product G Ì C to be the set G C equipped with group operation .g 1 ; c 1 / ? .g 2 ; c 2 / D .g 1ˆc 1 .g 2 /; c 1 c 2 /. Identify G with ¹.g; 1/ W g 2 Gº and C with ¹.1; c/ W c 2 C º. There is a function (not a homomorphism of course) u from the semidirect product G Ì C to the direct product G C 'forgetting the mapˆ', which is the identity on the underlying sets of the two groups. Note that if N is a characteristic normal subgroup of G and D is a subgroup of C , then N Ì D is a subgroup of G Ì C and u.N Ì D/ D N D. Proposition 3.10. Let G; C be finitely generated groups, and letˆW C ! Aut.G/ be a homomorphism. Suppose that each automorphismˆc acts unipotently on H 1 .GI F p /. Then the forgetful function u W G Ì C ! G C is a homeomorphism, where both groups are given their pro-p topology.
Proof. We first claim that it suffices to prove the following two statements:
That is, the neighbourhood bases at 1 match up. For left-multiplication by .g; 1/ and right-multiplication by .1; c/ are continuous both as maps on G C and on G Ì C , and commute with u.
a power of p; however it need not be normal. We will find a deeper subgroup that is normal in G Ì C , still with index a power of p. Now H 1 .G=N I F p / is a quotient of H 1 .GI F p /, on whichˆc acts unipotently for every c 2 C ; so by Lemma 3.9, the map induced byˆc on G=N has order a power of p. Thus every element of the image of C ! Aut.G=N / has order a power of p; so the image is a finite p-group. Let K G p C be the kernel of this map. Each element of D \ K acts trivially on G=N , so we have a quotient map
Remark. Note that the pro-p topology on the group G C is the product of the pro-p topologies of G and C . In particular, if both G; C are residually p, then so is G C , hence under the conditions of the above proposition G Ì C is also residually p. Proof. Without loss of generality both M and † are orientable. Then, possibly after performing an isotopy of the monodromy, the JSJ tori of M intersect † in a collection of disjoint non-isotopic essential simple closed curves ¹l 1 ; : : : ; l n º which are permuted by the monodromy . The l i divide † into a number of subsurfaces † 1 ; : : : ; † m . The monodromy acts on the set of † j . Each piece of the JSJ decomposition corresponds to an orbit of this action, and is fibred over any element of that orbit. If n j is the size of the orbit of † j , then n j acts on † j either periodically or as a pseudo-Anosov. The monodromy also acts on H 1 . †I F p /; let k be the order of in Sym.¹ † 1 ; : : : ; † m º/ Sym.¹l 1 ; : : : ; l n º/. Finally, take some multiple k 0 of k such that k 0 acts by the identity on each H 1 . † j I F p /. Let D k 0 and let Q M be the surface bundle over † with monodromy , an index k 0 cover of M . Then fixes each † j and l i , and acts on each † j periodically or as a pseudo-Anosov, so that the JSJ tori of Q M are precisely the tori l i S 1 , and the pieces of the JSJ decomposition are the mapping tori Q M j D † j Ì S 1 . We claim that Q M has p-efficient JSJ decomposition. We must show that each vertex (respectively edge group) 1 . † j Ì S 1 / (respectively edge group 1 .l i S 1 /) is p-separable and inherits the full pro-p topology from 1 Q M . We prove this statement for the vertex groups, the proof for edge groups being similar.
Choose a basepoint x 2 † j and a loop lying in Q M j transverse to the fibres and passing through x. The homotopy class of gives a splitting of the quotient map to Z coming from the fibration, hence gives an identification of 1 Q M with
The action of on each H 1 . † i I F p / is unipotent by construction, hence also is the action on H 1 . †I F p /. Hence by Proposition 3.10, u is a homeomorphism of pairs
By Proposition 3.8, 1 † j is p-separable in 1 † and inherits its full pro-p topology. The same is thus true of 1 † j Z in the product topology; the homeomorphism u now yields the result.
Conjugacy p-separability
In [31] Wilton and Zalesskii proved a combination theorem for conjugacy separability. The proof of this uses the theory of profinite groups acting on profinite trees. The parallel theory for pro-p groups yields the following theorem:
Theorem 4.1. Let G D .X; G / be a graph of groups with conjugacy p-separable vertex groups G v . Let G D 1 .G / and suppose that the graph of groups G is p-efficient and that the action of b G .p/ on the standard tree of b G .p/ D .X; c G .p/ / is 2-acylindrical. Suppose that the following conditions hold for any vertex v of X and any incident edges e; f of v in X: Then G is conjugacy p-separable.
The proof is in all respects a repetition of the argument in [31] , and we shall not reproduce it here. The difficulty lies in applying Theorem 4.1 in the absence of any sledgehammer properties such as subgroup separability or double coset separability in the pro-p world. Instead we must verify these properties for the specific cases involved in a particular application, and resist the temptation to attempt to prove too broad a result.
As an immediate consequence, when all the conditions on edge groups are trivial, we have:
A free product of conjugacy p-separable groups is conjugacy p-separable.
We now prove a series of lemmas directed towards showing that the conditions of Theorem 4.1 hold in the cases of Fuchsian groups and p-efficient graph manifolds. Many of the lemmas follow closely the analogous results for the profinite topology; where this is wholly or partly the case the result will be cited in brackets.
In [17] Niblo uses the following 'doubling trick' to deduce double-coset separability. The proof works just as well for the pro-p topology, so we will use it to check condition (1) of Theorem 4.1. We remark in passing that the above result was also considered in [24] for the case of more general profinite topologies on free products. Proof. By Proposition 3.2 we may assume D 1 ¤ D 2 . Suppose that D 1 and D 2 arise from boundary components @ 1 and @ 2 of † (possibly @ 1 D @ 2 ). Choose a basepoint x on @ 1 ; performing a conjugation we may assume that D 1 is generated by the homotopy class of the loop running around @ 1 based at x. Choose an immersed arc joining x to a point on @ 2 such that D 2 is generated by the homotopy class of the loop based at x which runs along to @ 2 , once around @ 2 , then back to x along . In the case that @ 2 D @ 1 choose to be a loop based at x.
The finitely many self-intersections of with itself give a finite collection of unbased loops in †; pass to a regular p-power degree cover W Q † ! † so that none of these loops lifts; such a cover exists since 1 † is residually p. Furthermore, in the case when @ 1 D @ 2 , we can use the p-separability of D 1 D 1 .@ 1 ; x/ to choose Q † such that is not congruent to any element of D 1 modulo 1 Q †. Let H G p G be the corresponding subgroup of G. Choose a lift Q
x of x to Q † to serve as a new basepoint. Then by construction lifts to an embedded arc Q in Q † starting at Q
x. Let the component of 1 .@ 1 / containing Q x be denoted Q @ 1 , and the component of 1 .@ 2 / containing the other endpoint of Q be Q @ 2 . Note that Q @ 1 ¤ Q @ 2 since if is a loop, Q † was constructed so that does not lift either to a loop or to an arc with both endpoints on Q @ 1 (since such a lift would imply that with congruent to D 1 modulo H ). Then D 1 \ H is generated by the loop Q @ 1 based at Q x, and D 2 \ H is generated by the homotopy class of the loop based at Q
x which runs along Q to Q @ 2 , once around Q @ 2 , then back to Q x along Q .
for the latter double coset is the union of finitely many translates of the former. We may now apply the 'doubling trick'. Glue two copies Q †, Q † of Q † along Q @ 1 to obtain a surface F . The subgroup h.D 2 \ H /; .D 2 \ H / i of
H is now the fundamental group of a certain subsurface F 0 of F whose boundary is an essential curve in F ; specifically, take F 0 to be a regular neighbourhood Proof. Again it suffices to pass to a regular p-cover; because G is residually p, G admits a regular p-cover of the form † S 1 , where † is an orientable surface. If W † S 1 ! † is the projection, then
Recall for the following that the boundary of a 2-orbifold is not necessarily the same as the boundary @ top of the underlying surface. An orbifold with boundary is locally modelled on quotients of open subsets of the upper half-plane by group actions, and boundary points of the orbifold come from boundary points of the upper half-plane. Some portions of @ top may indeed be part of the orbifold boundary; however some of @ top may be included in the singular locus as 'reflector' curves. The isotropy group of an interior point of a reflector curve is Z=2. The endpoints of a reflector curve may have 'corner reflector' points whose isotropy subgroup is dihedral. Alternatively an endpoint of a reflector curve may again have isotropy group Z=2, the local model for such a point being the upper half-plane modulo a reflection in the y-axis. Since reflections are order 2, when p ¤ 2 reflector curves do not arise in an orbifold with residually p fundamental group. When they do arise, there is a canonical 'reflectorless' index 2 cover of the orbifold with no reflector curves; corner reflectors become cone points in this cover. An orbifold is said to be orientable if its underlying surface is orientable. Proof. By conjugating by 1 1 we may assume that 1 D 1; drop the subscript on 2 D . Note that 1 \ 2 is torsion-free, so it is sufficient to pass to a finite index subgroup 0 and show that 1 \ 2 \ 0 D 1. Suppose that this intersection is non-trivial.
Because O is hyperbolic and orb 1 O is residually p, there is some regular cover O 0 of O with degree a power of p with more than two boundary components; then given any pair of boundary components, orb 1 O 0 has a decomposition as a free product of cyclic groups, among which are the two boundary components. Let 0 be the corresponding finite index normal subgroup of . Note that for some set 
Now the intersections of 1 ; 3 with 0 are free factors; that is,
; whereˆis a free pro-p product of cyclic groups (unless 1 D 3 , when 0 D . 1 \ 0 / q F ). Let T be the standard graph for this free product decomposition of 0 .
The action on T is 0-acylindrical because all edge stabilisers are trivial; so for 0 2 0 , the intersection
We have reduced to the case where h i 2 D 1 and must show that D 1 D D 2 and h i 2 D 2 , for then our original element h i 0 D 2 is in 2 . The intersection of two distinct peripheral subgroups of orb 1 O is trivial, and peripheral subgroups coincide with their normalisers in orb
We can pass to a regular p-cover of O to which h i does not lift, and with more than two boundary components; so that the lifts of D h i 2 and D 2 are distinct free factors, hence their closures in the pro-p completion have trivial intersection. But 1 \ 2 ¤ 1 by assumption, so that in fact D h i 2 D D 2 hence h i 2 2 D 1 as required. 
Proof. Given Lemma 4.7, this is identical to the proof in the cited paper.
For the next two propositions we use the following notation. Let G be the fundamental group of a p-efficient graph manifold, with graph of groups decomposition .X; G /. Let D … 1 . b G .p/ / be the pro-p completion of G. Let S. b G .p/ / be the standard graph for this graph of pro-p groups. For a vertex group G v of G , let Z v be the subgroup generated by its regular fibre (the 'canonical fibre subgroup'). Let Z v be the closure in v D c G v .p/ and extend this notation to all vertex groups of S. b G .p/ / by the conjugation action. Proof. After a conjugation in , we may assume that e is an edge in the standard graph of the abstract fundamental group G, i.e. e is the closure in of a peripheral subgroup of some G v . Elementary calculations show that if two elements of Z 2 generate an index subgroup p r m subgroup of Z 2 , where m is coprime to p, then they generate a subgroup of any p-group quotient of Z 2 of index dividing p r ; hence generate an index p r subgroup of Z 2 p . The result follows. Remark. The condition on the base orbifolds is automatic when p ¤ 2; in general it may be achieved by passing to an index 2 cover.
Proof. Take a path of length 3 in S. b G .p/ / consisting of edges e 0 ; : : : ; e 2 joining vertices v 0 ; : : : ; v 3 . By Lemma 4.8, e 0 \ e 1 D Z v 1 and e 1 \ e 2 D Z v 2 ; but Z v 1 \ Z v 2 is trivial by the previous lemma. So T 2 i D0 e i is trivial as required. Proof. First suppose that D is a free factor of G, say G D D G 0 . Suppose that g 2 G is not conjugate in G to any power of l. Write g as a reduced word g D g 1 d 1 g 2 : : : g n d n ;
where g i 2 G 0 , d i 2 D are all non-trivial except perhaps g 1 ; d n . We may ensure g 1 ¤ 1 by conjugating by d 1 . Since g is not conjugate into D, at least one of the following occurs:
n is odd,
for some i , g i ¤ g 1 nC1 i , for some i ¤ n=2, d i ¤ d 1 n i , since if all the above fail, we have expressed g as a conjugate of d n=2 . By uniqueness of reduced forms, no element whose reduced form has any of the above properties can be conjugate into D; for writing any h 2 G as a reduced word, h 1 dh is already written as a reduced word, having none of the above properties. Now G is residually p, so we may find finite p-group quotients D ! P 1 , G 0 ! P 2 such that no non-trivial d i or g i vanishes under the quotient map, and so that any of the properties from the above list are preserved in the quotient; that is, if W G ! P 1 P 2 is the quotient map, .g/ is a reduced word in P 1 P 2 , which has one of the above properties, hence is not conjugate into P 1 . Since P 1 is finite and P 1 P 2 is conjugacy p-separable, there is a p-group quotient
We now deal with the general case. To this end, let g 2 G and suppose that 1 g D l˛2 D for some 2 b G .p/ ;˛2 Z p . Note that g is infinite order. Let F G p G represent a regular p-power degree cover of O with more than one boundary component, so that D \ F is a free factor of F . Note that D hı for some h 2 G; ı 2 F . For some n D p r , we have g n 2 F ; and
By the first part, since F \ D is conjugacy p-distinguished in F and ı 2 F , there exists some f 2 F such that f 1 .h 1 g n h/f 2 F \ D. Thus g 0 D .hf / 1 g.hf / is a parabolic element of G, some power of which lies in D; and since parabolic subgroups of a Fuchsian group either intersect trivially or are equal, it follows that g 0 2 D so that g is conjugate into D as required. Proof. First consider the reflectorless degree 2 cover O 0 of O obtained by doubling along reflector curves, and the corresponding index 2 subgroup G 0 of G. The order 2 elements of G which do not lie in G 0 are precisely the conjugates of reflector elements; cone points in O lift to O 0 , and the intersection of each isotropy group of a corner reflector with G 0 is precisely its rotation subgroup. It thus suffices to distinguish from the other reflector elements. So let 0 be a different reflector curve of O, with isotropy group h 0 i. Take a quotient of the orbifold O by collapsing the complement of a neighbourhood of the boundary component of @ top .O/ containing . If this component did not contain 0 , then in this quotient group 0 has become trivial; so the canonical reflectorless cover of this quotient orbifold yields a quotient Z=2 distinguishing from 0 . Pass to a further quotient by abelianising the isotropy group of each corner reflector to obtain a copy of Z=2˚Z=2, where the two incident reflector curves generate the two factors. We are left with a right-angled Coxeter group in which ; 0 form part of a standard generating set; they thus have distinct images in first Z=2-homology, hence are not conjugate in this quotient of G. This completes the proof.
Definition 4.13. A hierarchical (2-)orbifold will mean any 2-orbifold which is not on the following list: a sphere or projective plane with at most 3 cone points; or a disc or Möbius band, with @ top composed entirely of reflector curves and with at most one cone point and at most three corner reflectors.
Notice that in the above definition the reflectorless cover of any hierarchical orbifold is also hierarchical.
The reason for this definition is that all hierarchical orbifolds O admit a 'hierarchy' of the following type. If the orbifold has any genuine boundary curves or arcs, then cutting along arcs with both endpoints on a genuine boundary curve/arc (i.e. along an interval with trivial fundamental group) or along an arc with one endpoint on a genuine boundary curve/arc and the other endpoint on a reflector curve (i.e. along the quotient of an interval by a reflection, a 1-orbifold with fundamental group Z=2) allows us to decompose the orbifold fundamental group into copies of Z, Z=2 Z=2, and p-groups glued along copies of Z=2 or the trivial group. Note that in this case the reflectorless index 2 subgroup is correspondingly decomposed as a free product of Z and a collection of p-groups.
When the entirety of @ top is composed of reflector curves, and O is not on the above list, one may still obtain a hierarchy. We will not in fact use this hierarchy in the sequel, but it gives more consistency to the definition of 'hierarchical'. The first stage in the hierarchy is obtained as follows. If O is a disc, or Möbius band with reflector boundary and at least four corner reflectors, let l be an embedded 1-orbifold whose endpoints lie on the reflector curve such that at least two corner reflectors lie on either side of l; note that the orbifold fundamental group of l is a copy of Z=2 Z=2 along which G splits. If O is a cylinder with reflector boundary, choose an embedded 1-orbifold l with one endpoint on each reflector curve; again G splits over Z=2 Z=2 D orb 1 l. Otherwise choose an essential simple closed curve l on O which does not pass through any cone points; such a curve exists for any orbifold other than those appearing in the above list. Proof. We note that each splitting of G given by the above hierarchies satisfies the conditions of Theorem 4.1. First consider the case when O has no reflector curves; this covers all cases when p ¤ 2. When O has (genuine) boundary, the result follows from Corollary 4.2 since then we may decompose G as a suitable free product of free groups and p-groups. Otherwise we have a splitting of G along a simple closed curve as an amalgamated free product or HNN extension of Fuchsian groups with (genuine) boundary, which are conjugacy p-separable. Passing to a regular cover of O which is a surface, the splittings along lifts of l are p-efficient by Proposition 3.8; hence the splitting of G is p-efficient. The action on the standard pro-p tree of the splitting is 1-acylindrical by Lemma 4.7. The remaining conditions (1), (2), (3) in Theorem 4.1 hold by Corollary 4.5, Proposition 4.11, and Lemma 4.7, respectively. Hence we may apply Theorem 4.1 to conclude that G is conjugacy p-separable. Now let p D 2 and suppose that O has reflector curves. Let O 0 be the canonical reflectorless degree 2 cover of O obtained by doubling O along its reflector curves and replacing any corner reflectors by cone points. Let G 0 D orb 1 O 0 . Note that O 0 is a hierarchical orbifold. Let g 1 ; g 2 2 G be conjugate in the pro-2 completion b G .2/ . If g 1 2 G 0 , then g 1 is conjugacy 2-distinguished in G 0 , hence in G by Lemma 4.15 below, so we are done. So suppose g 1 (hence g 2 ) is in G X G 0 . If g 1 has order 2, then since the only order 2 elements of G X G 0 are in isotropy groups of reflector curves, we are done by Lemma 4.12.
So suppose g 1 is of infinite order. Let 2 b G .2/ be such that g 1 D g 2 . Conjugating g 2 by an element 2 G 0 , we may assume that lies in the group c G 0 .2/ . Then g 2 1 is conjugate in c G 0 .2/ to g 2 2 ; since G 0 is conjugacy 2-separable, they are conjugate in G 0 . After a conjugation by an element of G 0 we may thus assume g 2 1 D g 2 2 . We claim that any infinite order element of a Fuchsian group has at most two square roots, differing by a reflection. For if g D h 2 is hyperbolic, then h is hyperbolic with the same fixed points as g, hence the same axis. The translation length of h along this axis is half that of g, which determines h up to a reflection in the axis. If g D h 2 is parabolic, then again g, h have the same fixed point and h is parabolic. Placing this fixed point at infinity in the upper half-space model of the hyperbolic plane, g and h are determined uniquely by their action (by isometries) on the x-axis, and a translation x 7 ! x C a has precisely one square root x 7 ! x C a=2.
Hence either g 1 D g 2 as required or one of g 1 , g 2 is orientation preserving and the other is orientation reversing. In the latter case g 1 and g 2 have different images under the orientation homomorphism G ! Z=2, and so cannot be conjugate in b G .2/ . This concludes the proof.
The extension of this to all Fuchsian groups does not follow immediately, since conjugacy separability is not a commensurability invariant (see [5, 8, 16] ). In what follows we remind that reader that 'open subgroups H Ä p G' are those subgroups of G with index a power of p such that H contains some normal subgroup of G with index a power of p. Note that G induces the full pro-p topology on such an H , and remark that not all subgroups with index a power of p are necessarily open (for instance a symmetric group S p 1 Ä p S p for p 5). Proof. If ¹g 1 ; : : : ; g n º is a complete set of right coset representatives of H in G, then
.g H / g i where superscripts denote conjugation. By assumption g H is closed in H , hence in G; thus since g G is a finite union of translates of g H , the conjugacy class g G is closed in G and g is conjugacy p-distinguished in G. Proof. The proof is identical with that of [27] , noting that all finite index subgroups constructed there are open and have index a power of p in the present situation. Proof. If O is not hyperbolic, then G has an abelian subgroup A G p G, so that we are done by Lemma 4.17. By Theorem 4.14 we have reduced to the case of those orbifolds appearing in the statement of Theorem 4.14. Take g 2 G; we must show that g is conjugacy p-distinguished. By Proposition 4.16, without loss of generality g is finite order, say p n . Since G is residually p, there are arbitrarily large p-group quotients W G ! P into which hgi injects. Choose jP j sufficiently large that H D 1 .h .g/i/ has rational Euler characteristic at most 3. Considering Definition 4.13, we see that all non-hierarchical 2-orbifolds have Euler characteristic strictly greater than 3. So H is the fundamental group of a hierarchical 2-orbifold. Then H is conjugacy p-separable by Theorem 4.14, so g is conjugacy p-distinguished in H . Note that H Ä p G is an open subgroup of G containing g, hence g is conjugacy distinguished in G by Lemma 4.15. So G is conjugacy p-separable.
Given Theorem 4.18 the next two theorems follow from similar results in [15] by simply checking that all finite-index subgroups constructed can be chosen to be normal of index a power of p. Theorem 4.21 (cf. Martino [15] ). Let G be the fundamental group of a Seifert fibre space which has hyperbolic base orbifold. Assume that G is residually p. Then G is conjugacy p-separable.
Proof. Suppose first that p ¤ 2 and let g; g 0 be non-conjugate elements of the group G D 1 M . Let h denote the homotopy class of a regular fibre of M and let O be the quotient orbifold of M , so that we have a central extension
If the images of g; g 0 in orb 1 O are not conjugate, we are done by Theorem 4.18. So suppose g; g 0 are conjugate in orb 1 O; after a conjugacy we may assume that g 0 D gh n for some n. Choose some k such that p k > jnj and consider the quotient W G ! G 0 D G=hh p k i. Note that centralisers in Fuchsian groups are cyclic, so that the pre-image of the centraliser of g in orb 1 O is a copy of Z 2 ; so if x 2 G 0 conjugates .g/ to .gh m / for some m, then in fact x commutes with .g/ in G 0 , and hence .g 0 / is not conjugate to .g/ in G 0 . By Lemma 4.20, G 0 is conjugacy p-separable and we are done. Now let p D 2; the difference here is that O may be non-orientable. Let G C be the index 2 subgroup of G consisting of elements which centralise h. If g 2 G C , then g is conjugacy p-distinguished in G C , hence in G by Lemma 4.15. So suppose g 2 G X G C and let g 0 2 G be a non-conjugate of g. Again it suffices to deal with the case g 0 D gh n . Now, since g 1 hg D h 1 , g is conjugate to gh 2k for all k; so n is odd. Consider the quotient W G ! G 0 D G=hh 2 i, which is conjugacy 2-separable. Suppose x 2 G 0 conjugates .g/ to .g 0 /. Again the centraliser of the image of G in orb 1 O is cyclic, and the preimage of this group is a copy of Z Z=2 containing x. Hence .g/; .g 0 / are not conjugate and we are done.
The restriction to hyperbolic base orbifolds in the above theorem was necessary to exclude problems with the geometry Nil, as the following example shows. Note that the three remaining Seifert fibred geometries (S 3 , S 2 R, and E 3 ) have no such issues as all these groups are finite or virtually abelian and are easily dealt with.
Example 4.22. We claim that the Heisenberg group G D H 3 .Z/ is not conjugacy p-separable for any prime p. Suppose p ¤ 2, the p D 2 case being similar. We Virtual pro-p properties of 3-manifold groups 1021 have a presentation G D hx; y; h j OEx; y D h centrali:
By direct calculation, x 2 is not conjugate to x 2 h; however for any n, y n x 2 y n D x 2 h 2n :
In any p-group quotient W G ! P , we have .x 2 h/ D .x 2 h 2n / for some n, so that the image of x 2 h is always conjugate to the image of x 2 , proving the claim. Note that the congruence quotients exhibit that H 3 .Z/ is indeed residually p. See [12] for a characterisation of conjugacy p-separable nilpotent groups. Since by [2, Section 5.1], any graph manifold has a finite-sheeted cover of the above type, Theorem B follows immediately.
